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Abstract

Amethod IS presented forseparating the ~ingleandmultiplescattering contributions
to the surface current which is vidlidip o @ condorde t inper tuy bation theory. Using
this method, numerical exper iments a- ¢ por: 1 med to determine the spectral character-
istics of t he surface current as o fouoon ol cidence angle and sur face roughness for
longrandom periodic gratings li~shumut1an as tile incidenceangle increases, the sin-
gle scattering contribution shows i dejicsileyy on sutface slope which IS not present in
standar d perturbationtheorics 'The ooher 0 der surface current and scattered field are
also calculated and shown to be consisieitwith @ double-bounce seattering mechanism
for mostincidence angles, However, i1 i~ shwnthat very close to grazing incidence,

thehigherorder fields are morcennsstertw thanodd 1111111} (1 of bounces.
1. Introduction

Duringthe last decade, a numberofnew approximate solutions to t he problem of scat-
tering from rough surfaces have appear i, ‘I'wobasictypesof approachhavebeen suggested:
the first type uses a perturbationexpansion for t he sut face current orthe transition matrix
to derive a perturbation expansionin whichehe nthpower of the surface height spectrum
appears as in the nth order term[1},[2],{3].[41. [5], [6]. [7], [8], A lternately, aseries may
be obtained by iterating the maguneticticid intepral equation [9], [1 0], [1 1]. The two series
are not identical, but there arc relatiouships t hat can be drawn between them in a suit-
able limit [9]. Although many of t hese theaies givel good agreeent for specific cases, it
is not clear what is the regime of validityforthistype of perturbation expansions or their
convergence Characteristics.

The purpose of this paper is toinvestigste numerically the validity of tile first type of
perturbation series. Past numerical comparisonsinthe literature {1 2], [1 3], [14], [15], [16],
(17], [18],(19] have concentrated int he comnparison of the scattered field at infinity with
numerical results. This has the ad vantag that the accuracy of particular theories can he
evaluated in a straightforward fashion, It hasthe disadvantage, however, that not much
insight is gained about the scatteringmecli anisnis which operate onthe random surface, or

the reasons why any specific theory breaksdownbeyond its regime of validity. In this paper,




I will examine the su rface current, rather than the seat tered field, aud show how general
conclusions about the scattering mechanicas Cp erating on the sutface can be drawn.

The usual interpretation of thetvpeofportur bat jfon expansio n examined here 1S that
the nth order t erinrepresents a scit t erin < interaction during which 7 Bragg bounces of the
incident field occur. In the first section, 1xhow how, given the mumerical soultion for the
surface current, the first order(single-bource) contribution canbe estimated. Most of the
numerical studies mentioned abovenmstiomp o ¢ the analytic predictions for tile scattered
cross-section for an infinite surface wit hnuerical results for a fivite surface. In- order to
compensate for edge effects, so111¢ kindof ineilent field tapering is introduced [12], [13].
Unfortunately, this tapering introduces distor wons in the surface current magnitude and
phase which make the analysis of t he scattering mechanisms more diflicult. In order to
overcome this limitation, we exaine in this payper long periodic sunfaces for which pertur-
bation expansions may also beobtained. Sincethe cmphasis of this paper is in examining
scattering inechanisms, rather than computing infinite surface scattering cross-sections, this
assumpt ion is not a limiting factor as lon ¢ as the sutface periodicity is large enough that
very long range scattering interactions are adequately represented. Inthe second section
and the Appendix, | show how thesurface cursent and scattered field inay be computed
for one-dimensional periodic rough surfaces witlihigh accuracy cvenfor very high angles
of incidence. The third section exainines the (haracteristics of’ the fnst-order interaction
as a function of surface height andslope, and the incidence angle. Having separated the
first-order interaction, it is possible to exaunne the residual interactions. The next  section
examines the contribution to multiple scsttering as a function of sulfate 1oughness and
incidence angle. Finally, the last sectionexanunes the polarimetric chiaracter istics of the
scattered field and the validity of interpreting thic perturbationexpansion as an expansion

on the number of interactions with thesu fare cpectrura.

2. Method forSeparating the Surface Current

-

For perfectly conducting surfaces. the swiface current, J(r,) is given by the solution of




the integral equation
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where TJ(,(F) is the incident field, (y(17 (b 15 the free space Greeu's function; 7s =0 g+ 22
is a vector to the surface, £(p); 7 is the observation point, which is assumed to lie below
the surface (i.c., for z < E&(p)); kg is the v avernnber in free space; and 7o IS the impedance
of free space. This equation is calledthe <} xt mction 1 heorgm” [21 ] because it shows
that the incident field below the sufacerexunguishedby the scattered field.

Rather than analize the swifuce ey entdirectly, 1 1emove the phase variations due to
tile incident field onthe surface. and exaninarelated quantity, which | cal the source

function and define it as
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where Ko and —Po are the horizonta) and vertwal components of the incident wavevector,

respectively. It hasbeen argued [22]

. [6] thattheremoval of these phase factors, which are
required by trandational invariance of the surfice spectium, yields a quantity which can be
understood more easily in terms of a multiple scattering serics.

The Fourier transform of lie sowce function, given by

—

By [dn enl-i 7 F () 3)

can be used as a starting point for a perturbation expansionintenns of the surface spectrum
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wherc € is the Fourier transforin of £. 1 th- previous perturbation expansion, the nth
order termn contains n factors of the surfare Fourier coeflicient, and n - 1 integrals over the
intermediate wavenumbers. The 1t h term is inter preted as the sum of all order n momentum
transfers. For each momentum transfer, the scattered wave interacts resonantly with n
surface spectral components insuch a waythat the net transfered momentum corresponds

to the changein horizontal momentum of the nthmultiply scattered wave relative to the




incident ficld horizontal momentum  The three terms shown explicitly in the previous
equation correspond to the coherent componeit (no momentuin transfer), single scattering
(one momentum transfer), and double scitterine (two momentum transfers). The expansion
coeflicients, @(¥1,...,7,) are the coupling coethcients which one rust estimate. Expansions
of this type have been used explicitly orimplictly by many perturbation expansion schemes
inthe literature [1], [2], [3], [4], (Ol [6]).[0]. 8]

Given N realizations of the source fusicrionfor independent identically distributed ran-
dom rough surfaces, it is possible to obtusin an e~timate of the fitst order coupling coefficient.
Assuming that we are dealing withzeronean Gaussian random sufaces, one has that all
odd order moments 0f the surface spectian vonish, and the even orders can be expressed

interms of the second order moment
G dA - FIW() (5)

where W (y) represents the surface height spectrum for wavemuber 4. Using this fact,
one can show that the least squares estimate for the single scattering coupling coeflicient,

correct up to sccond order in the pertorbationisgivenby
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Inthelimit of infinite number of realizations, thas expression converges to (17("7‘ )E (7)) /W (7).

il] :

Since the odd moments of{ vanish. the evenornder scat tering contributions will act as zero-
mean noise terimns in the estimation. 7he addorder contributions, onthe other hand, may
result non-zero mean contributions, which will hias the estimation. It is not expected that,
for the types of surfaces I will deal with in this paper, third and higher order scattering con-
tributions play a significant role, but theircoretibution isa limiting factor for the method
presented here.

‘1’0 provide a point of comparison, the first order coupling, cocflicient obtained in the

Unified Perturbation Method [6] (111"hi), is giver by
d = @7 I (A K2 ) = @a) e (7)
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In these equations, — po s the component of the mcident wavenumber in the z direction; kg

is the magnitude of the incident wavenmabir; pry) is defined by
p(H) = kg Clat Y Tp >0 (9)

and AC )(’y‘) by
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The first term in equation { 8 ) has nulls for the wavenumnbers coupling to the forward
and backscatter directions. The sccond tenn contains a pole when p(¥) = 0, i.e., for
coupling to surface waves. For the one-dvnensional surfaces treated in this paper, the second
term vanishes for H(orizontal)-polarized (v polarized) incident fields, but not for V(ertical)-
polarized (p-polarized) fields. This represints the fact that there can be no surface waves

for horizontal polarized incident fields and this type of surfaces.
3. Nuner ical Jmplementation

Surface current realizations wetre conputed hy generat ing ensembles of Gaussian rough
surfaces and using the method of moments(MOM) [23] to solve foreach redlization of the
surface current. The Fourier transform of the source function for each surface was then
computed using equations ( 2 ) and ( 3:'To estimate the fust order coupling function,
| subtracted the coherent componentof the souree function by removing the average over
al realizations of the source function. Fin.dly, anestiinate for a; was obtained by applying
equation ( 6 ) to the result.

The random surfaces were generated bymak i ng anuncorrelated, unit variance, Gaussian
random noise sequence in the wavenumber domsa, applying the appropriate filter function,
and Fourier transforming to the coo I dinatedoruain (for details, see [15]). The surface
spectrum was proportional to v ¢, and 1 examined spectral decays of s = 3. This spectral

decay is observed in ocean surfaces. 1 alsocxammedaspectral decay of s= ‘2.5 but do not




Snow the result sheresince the condusinsdiawn fromthemare similar to the s = 3 case.
The reason for using a power-law spect 1 wwade from possible applications to naturally
occurring surfaces, is to allow theinteracnior of the incident wave momentum with all
surface wavevectors, aiding intheretrievalol 1 he first order expansion coeflicient for all
wavenuibers.,

Thesmallest wavelength presentintl s sinfaces was (. 2 A.where Ads the electromag-
netic wavelengt h. The longest wivelenpth, AL was varied to examine the effects of chang-
ing the Correlation length (or the sufaceclopeto height 1atio). | examined the longest
wavelengths of 102.4A, 51.2X,25.6)1  'I'ln ve s face 1 oot mean squared (nins) heights were
examined: 1X, 0.5A, and 0.1 A, 1 igure ipre wnts t he surface slopes and curvatures for
the s = 3 surfaces, as well as the fraction ofthe surface which is inmonostatic shadowing.
Varying the low-frequency cut-oft winle kecpine the rins height constantallows the isolation
of surface slope effects from those dne to height and incidence angle.

The biggest problem encountercd v MC )\ calculations from random rough surfaces
is the avoidance of edge effects. This preblenm was recognized long ago by Axline and
Fung [12] and various methods have heen proposed to deal with it. Currently, the most
popular method in the literaturcis the tapared wave methodintroduce d by Thorsos [13],
where the incident field is taken to be @atapered field which satisfies Maxwell’s equations
approximately, but attenuates the retwrnfromihe edges so they are neglegible. While this
method is very attractive from the numerical standpoint, it is linited by the validity of the
tapering approximation. More importanily for our application, due to the multiplication
of the surface current by atapering function, the source function spectrum is distorted in
both phase and amplitude.

An aternate way of avoiding edge eflcctsist 0 assumethat the surface is periodic and
that the period is large enough so thatt hescattered field, whichnow has a discrete angular
spectrum, approximates the continuous spectian from aninfinite surface. This will be true
if the angular separation between modesis sinaller than the angular resolution required to

observe the surface. This method wasjropioscdbyin 151 and [16] t o deal with moderate




incidence angles and the reader is referied thiere for owr conventions.  Although the far-field
results for the periodic surfaces arc not equal 1 the infinite suiface It results, it is not
expected that t hephysics of the multiple scattennginteractions will be significantly affected
since one e xpect s most multiple scat tering me erationstobedueto near by sur face feat ures.

The key to implementing this method . thevevaluation of t he periodic Green’s function
and its normal derivative on the swface. I the work cited above, we approximated the
Green’s function by summing only afew tennsof its infinite series 1epresentation. While
this is adequate for moderate incidence angles at s not suflicient as the incidence angle
approaches grazing. Here, | make use of annte v1alrepresentation of t he periodic Green’s
function obtained by Veisoglu et al. [21]1 opethiey wit bsome approximations which make
the Monte Carlo evaluation comput ationally eflicient. The details of” t he nunerical method
are presented in Appendix A.

| used the expressions for the Green's function obtained in Appendix A together with
the MOM. For cach case studied, 1 uscd atotalof 100 Monte Carlo realizations and all the
calculations were performed using double precesion arithmetic. The energy conservation
was calculated for each case and wasfoundi tobe better than 0.1% in all cases, and better
than ().()(]% ill most cases.lestimate thattheer | or barsinourfarficldscattering results

due to speckle arc of the order of t1d13.
4, First Order Coeflicient Results

First order perturbation theory isknownto provide adequate predictions for the scat-
tered field for moderate incidence angles (for detailed mumerical comparisons, see [15] and
[1 6]). Figure 2 shows the magnitude andphasciorthe estimated Horizontal and Vertica
polarized first-order coeflicients, @, as a function of the normalized wavenumber, Y/Ko, for
an incidence angle of 45°, anrms suifaceroughiiess of A, and various values of rms surface
slope. It is clear from this figure t hat t hi firstorderper turbat ion coeflicient is indepen-
dent of surface slope, for this incidence angleand surface rins height. Stmilar results are
obtained when the surface rms heightis (. 1 Xand 0.5X. The figures also agree with the

qualitative features predicted by fit storderpertinbationt heory. The H-p olarization source




function exhibits nulls when p(+) 1o t e Vepolar ization sovree function, on the other
hand, shows a strong peak for -, 7 k1 1 sinfly), corresponding to the surface wave
coupling wavenumber. This figure also stiow . that the noise in t he est imated first-order
coetlicient is quite small, indicating thatfirstizder scattering dominates for this situation.
There is slightly more noise for V- polar jvation compared to H-polarization, suggesting that
t he higher order contributions mightheiarpe: for this polarization.

For the sake of comparison, Fig ure 2 alsoshiv; sthe predictionsforthe UPM - perturbation
t heory [6]. The agreement between theestimated cocflicient and t he UM prediction is very
good for H-p olarization for al wavenuwuners. | 'or V-polarization, onthe other hand, there
are significant disagreements for a1 per wavermmbers. Recalling t hat propagating modes
exist for -- (1 -t- sinfo) <+/ko<(! sinty). one sees that the agrectent is excellent for
the propagating modes. For the non: propapatingmnodes, which contribute to the near-field,
there is significant disagrecment in bot huiigsnt ude and phase. The estimated first order
coefficient predicts that significantly gicaterencrgy will be allocated 1o forward propagating
evanescent waves, while significantlylower energy Will be allocated to back-propagating
evanescent waves, with a weak minirum app ating at y/ko #= 3.7. The behaviour of the
V-polarized phase also shows siguificaut deviations in both for war d and backpropagating
directions, with only small deviationsinfor the propagating modes. Previous results [] 5],
[16] for the far-field have shown good agicement between pert urbation and MOM  results,
indicating that the deviations in the non-propagating modes plays a significant effect only for
the near field. Nevertheless, it wasnoticedthat the V- polarized predictions were slightly
inferior to their H-polarized counterpart« 1 1csercinar ks are also valid for smaller rms
surface heights, although the phase deviaticnsuare sitnpler: there is a siinple sign change at
the same location of the approximatenull,

We next explore the behaviom of thef st onder coefficient. as a function of incidence
angle. Figure 3 presents the estiinateds esolts foran incidence ang le of 89°and O. 1A surface
rms height. These results are consistentwith t he 45 results, However, onenow begins to

notice a slight dependence of the first o3 duicocllicient on the rins slope for V-polarization.




This dependence increases as Che sioface 1is height increases, as Pigure 4 shows for an
rins height of Ao This figure shiows that, for H-polanization, there is no noticeable slope
dependence in either phase or wnplit ude auc the agreement with the UPM prediction 1S
excellent. For V-polarization, on the ather hand, there is a very stiong dependence of
the first-order coeflicient on the simlace nine <lope. with the magnitude of the coeflicient
decreasing monotonically with slopc The deviations are also seen to be smaller for the
propagating modes than for the von-propagating modes Thedependence of the V-polarized
magnitude on rins surface slope alsomercascs monotonically with incidence angle. Figure §
shows the magnitude of the V-polarized fust nrder cocflicient for incidence angles Of 60°,
70, 80", and 85°. Aside from the incrcased dependenc € on the slope, this figure also shows
that the region in momentum sprace where bacs. propagating waves are fOl bidden gets more
sharply localized as the! incidence anglemareases. 1 currently have no explanation for the
existence of this forbidden region.

What causes perturbationtheorytoayiee voell with H-polarization, while giving increas-
ingly erroneous results for V-polavization? 1have no definite answer to this question, but
one notices that for one- dimensinnmal surlacesthe solution of the 1-polarization perturba-
tion series is correct to all orders of thy surfivee slope. ¥or V-polarization, on the other
hand, one must expand the per turbation seirics in powers of both height and surface slope.
Slope corrections contribute to highciardesterms, causing a mixing of single and multiple
scattering in the perturbation series. Forfulltwo-dimensional swmifaces, it is necessary to
expand inboth heights and slopes forbith polarizations and one expects  11-polarization
to show a similar slope dependence inthis case One concludes that the validity of the
perturbation series in equation ( 4 ), anditsinterpretation as a multiple scattering series,
is limited to the small slope approximaticu, 1 agrecient with the work of Voronovich [8].
A more accurate series expansionmustinciude slope dependence eveninthe first-order

expansion term.
5. Source Function Results

Having obtained the first-order expansion tain, it is now possible to separate the source
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function into {approximate) sinele av ad oltple scattering terms, andto study the depen-
dence of higher order terms on incidence angle and sutface rins height, Figure 6 shows a
comparison Of the magnitude of the fus: and higher order components of the source func-
tion for bothincident polarizations. at incidence angle of 60°. an s surface height of
A and two values of the surface slope. 0 Jomy ating the two coruponents, we see that both
first and higher order components of the s m e function have shmitar characteristics. Both
show strong peaks around the coberent d rection (v = O). The higher order H-polarized
source function shows nulls inthe same places as the first order source function, while
the V-polarized source function alsa shows g peak for conpling to back- propagating surface
waves.,

For the smoother surface, the higher order source function is approximately one order
of magnitude smaller than the first arder sonrce fumction iv the regions away from the
coherent and surface coupling peaks. Inthe peak regions, however the higher order source
function is larger than the first ordersomce function. "The rongher surface, onthe other
hand, has smaller magnitudes for t he propapat, ng waves, but slightly higher magnitudes for
the non-propagating waves. The shapes of t he peaks have become wider and the energy is
much more uniformly distributed throughout t hespectiun.

We next examine the higher o1 dersow ce function for near-grazing (89°) incidence angles
(Figure 7). Unlike the 60° incidence angle cas, the magnitude of the higher order source
function is comparable to, or higher t han. t he first-order source function. Fui thermore, the
shape of both the higher-order sowice funitingesembles the shape of t he first-order source
function. The main difference is t hat bothpeaks and nulls have been sinoot hed out in the
higher order source function, Theseresultyindicitechat higher orderscat tering becomes of
similar iimportance to single scattering as t hic ang le of incidence increases, and t his result will
be borne out by the far-field results of t henextsection. This result gives an indication that
the smallness parameter in the scatt ering expa nsion is not pp€, which approaches zero as
the incidence angle approaches gr azing, asissometimes stated in the literature. According

to that picture, first order scattering should ipnove as an approximation as the incidence
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angle increases. The importance of iultipl- se attering, however, should be clear due to the
fact that shadowing is intrinsically a i tiple waattering phenomenon,

To further study the nature of theinteract v between t he various Fourier components
of thesurface, one computes the somce fur (tinspeettum in Figure 8fora surface whose
Fourier components of wavel engthsinalle: t hav Ahavebeenternoved foran incidence angle
of 89°, anrms height of A, and two values for the 1ms suface slope. Forallthe surfaces, the
spectrum Of the source function shows ahamstic fall-oft for wavelengihs smaller than the
Bragg cutofl while remaining unchangeditonthelarger wavelengths  The suddenness of the
fal-off is greater for H-polarizationandion thesmoot her surfaces. Theseresults indicate
that,eventhiough | have established thatinuliiple scat tering plays an noportant role for
this incidence angle, tile higher order compling coefhicients are still localized in Fourier
space; i.e., multiple scattering omentunlyan sfers occur only between waves which are
near in Fourier space. Mechanisins of energy tiansfer whicharelocalizedin real space,
such as shadowing, do not seein to play i major role ni deter miving moment umn transfers
for wavelengths comparable to the clect tonnasgnctic wavelengt h, This is physically plausible
since one expects that smaller scatterers will canse difl raction rather t han shadowing.

As aninteresting feature, notice thattheenbiaucement a p(7) =0 is still present for ver-
tical p olarization, even though the1esonantwaves havebeen removed. This is in qualitative
agreement, with the higher order piedictions of UPM [6]. Notice also that once the single
scattering component is removed, enhancements of the surface spect r um for wavelengths
equal to A/4appcar. These enhancements are present for both horizontaland vertical po-
larizations and for the three surfacetypes 1 donot have an explanation for the behavior

at this time.
6. Far Field Results

Inthis section, | examine the contributions of the first and higherorder source functions
to the scattered field at infinity. }orone dimensional surfaces, the complete polarimetric
Stokes matrix has only four non-zei 0 clements 25]. Rather than using the Stokes matrix

elements, in this paper | will examniue the following parameters which contain the same
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information ut are easier to interpret physically:

ol (0,) FLos 6, < B(0,0)5(6,)> (12)
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where 6, is the scattering angle for the nih propagating mode aud is given by the grating

cquation
. n
L/A

Ey(0,) and Fy(6,,) are, respectively, the horizontal and vertica lly polarized scattering

smifh, s -

(15)

modes, and 1 have normalized the bistatic cyoss section such that it aprees with nonperiodic
surface case after integrating over all seattering angles [19]. The parameters v and ¢
represent the magnitude of the ficldcorr Jation and the relative phase difference between
the H- and V-polarized fields. Inthe Siall Pertarbation Metlhod (SPM) or Physical Optics
limits the correlation slloulcl beunity andihe Hand V fields should be out of phase by 1800
Deviations from these values canbe due to two causes: a diflerent scattering mechanism
{such as multiple scattering or shadowing) applies; o1, the surface features responsible for
producing the scattering arc different forthe tvwo polarizations.

Figure 9 presents the first-order far field scattering results for an incidence angle of 60°,
anrms height of A, and various valucs of thesui face slope. For H-polarization, the bistatic
cross sections reflect the surface power-law de ay in the back-propagation direction, but
tend to flatten out in the forward direction. Jhepeakin the forward direction is somewhat
attenuated as the rms slope increases. For V-polarization, op the other hand, the peak
in the forward direction is strongly attennatedasa function of surface slope. For both
polarizations, the width of the peak dccicas swithincreasing surface slope, reflecting the
broadening of the peaks observed in Figure 6. The cor relation between the two polarizations
is high for the first order term,indicating thatboth H-and V-polarizations scatter from the

same surface Bragg components. The relative phise difference between the two polarizations




is approximately 180°, consistent wit hasing i bounee polarimett ic signature.

Figure 10 presents the higherorderticld recalts for the same incidence angle. As expected
from the source function results showrn in 1 youre €, the magr 0 tude of the higher order
scattered field is an order of magnitude sinalbis than t he fitst order field, while the geuneral
shape of the bistatic cross section remains <hinilar. The values for the HV correlation
coeflicient are low, indicating that t he hipher orderfields scatter from different surface
features for each incident polarization Hlisiomn agiceinent with the calculated correlation
between the source function for cach polirization (1esult not shown). Finally, the HV phase
difference, although noisy, is roughly zero, Tk is consistent with the interpretation of the
higher order field as being due mainly to double scattering,.

For higher incidence angles, the resultsforthefitst-order field are consistent with the
previous discussion (scc Figure 11{orth e 89 iucidence angle casce). The main difference
appears in the HV phase difference, whoseman is approximately 150°. This is consistent
with the phase shift observed in the V-polarization source functionin Figure 4. The results
for the higher order field, on the othebhand, aredifferent in onesipnificant respect: the
HV phase difference is shout 180°, consistent with an odd (rather than even) number of
bounces. This behaviour is only observed forincidence angles 6 > 80, and increases with
increasing slope. It suggests that. for vers bigh incidence angles third order interactions, or

higher, may dominate way from the speiular direction.
7. Coanclusions

| have presented a technique forscparating first-order fronhigher order contributions
to the surface current for scattering fiom perlectly conductingrough surface. Using this
technique, | was able to examine the dependence of tile single and multiple scattering
components on incidence angle, rinssuriace height, rms surface slope and polarization.

Given the results presented in this paper, oue ((an make the following conclusions:

1. For higher incidence angles, theve is a styong dependence of the fivst-order scattering

coeflicient on the surface slopes, especially for V-polari zation.
] ) I
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2. For all the incidence angles studied. ther was a discrepancy between the first-order
cocflicient and perturbation theory ‘o1 the non-propagating modes for V-polarization.

3. Multiple scattering contributions neyeas with surface height. slope, and incidence

angle.
4. Multiple scattering interactions are loralized o momentom space.

5. Except for the highest incidence anples, higher order scattering is consistent with

double-bounce scattering.
Appendix A

The periodic Green’s function is giver by [¢1

o0 [ - -
E: 1} (k \/(.1 ) (- z’)2) exp ik sin Gy L] (16)
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Veisoglu et al. [24] have evaluated the sum

S(a,b,r,8) = % } e (\/5"’ (4 b)* + (17> exp [t (17)
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where 1 use a slightly different notationfromn Veisoglu etal. to ernphasize the symmetry

propertics of the sum

a iz .7) (19)
b {a ') /L (20)
s, kL (21)
vkl sinfy (22)

The integral is rapidly convergent andcanbecvaluated nuinerically. Given this sum, the

periodic Green's function can be writ tenas

%=XW (meﬁ-mmmm){ Sla, - b, 1,8) , (23)




While the previous expression provices an exact evaluation of the periodic Green’s
function, it is not convenient for vse in Mont Carlo applications. The function S(a, b, r, s)
depends on the surface height throueh (he parameter a. This means that S must be
numnerically integrated as many times a< the ymimber of eletnents in the MOM matrix. For
large surfaces, this is iinpractical since it make- the matiix loading the most computationally
expensive part, by far. To overcome this prablem, U will make vse of the fact that T am
interested in surfaces which are much Toneer than the electromapnetic wavelength, From
the definition of S(a, b, r, s), one can show that the following identity holds:

Z H) (\/32 711 4 by Vi u") ¢ Slabysor) - NS N A bty s) (24)
m= 1

and the periodic Green’s function canb: written as

o - L 7 <\/.:5(nf4 by 4 (,z>‘ VSt N b, $) e YT S(a,N-b, —r.s) (25)

m= 'N !

Since b> —1, for long surfaces onewill have that s(2 + b)2 > a?, or, equivalently, that
1>> (h-h')?%/12 where histhesurface beight When this is the case, the exponential in
the integrand of S will dominate the value of the integral and the paraweter a will only

have a small influencé. This allows usto expand Sintermsof a

e SO0, N b.s,1)
S{la, N+ bs1 )= > T (26)
" () R 1L

where S is the nth partial derivative of S with1espect to @, andis easily obtained by
differentiating equation ( 18 ). Thescintegrals are aso 1apidly convergent and independent
of the surface height so that they canbie precamputed and stored in tables.

The numerical evaluation of the Green's function is performed by evaluating equa-
tion ( 25 ) and replacing S by its approxunation cquation (26 ). Inthis paper, | have chosen
the surface length to be102.4A and the surfacas sampled at 0.1A intervals. By comparing
against the exact result, | have foundthat it is sufficient to take N = 1, and 71547 =0 6. All
the integrals, as well as all subscquent ciilculations, wer e computed with double precision

arithmetic. There isno absolute testof the numerical accuracy of the MOM results, but
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therearesome 1) ccwsmy testst owhichisubgtedche 1 esult s, Mostimportantly,I checked
t 11¢ degree of energy conservation: forall thercadts presented 110 1¢. t heenergy  Conservation
wasbetter than (). 170, andinmosteasesatwas better than .001 %. For selected surfaces,
I also checked the periodicity of t he surface onrent thereciprocity of the scatter-cd field,
and the extinction of the field below thesur fice. Al theresults presented here satisfied
these tests with good accuracy.

For t he vertical polarization calculations, it is necessary to compute the normal deriva-
live of the Green's function at t he s faec Vsing the previous | esults, one obtains t h e

following expression

. N
~ - -~ ! I . 4 }yl' 41
n.Vg, = 2 E_/ H (\/3“ (1 4 6)? u") . = g s(”f? ))
m=- N / \/sz (1o b)Y 4 al
1eNTQU N G b s ) e PN QMa, N - b s hy) (27)

where b, is the surface slope, and

(,ibs ( ) : % - Sbu?
T (s '
Y8 = k- ¢ die ~ - vg - e
Qla,b,r,8,hy) k . /‘ du LT s
hy (w? @) cos (:.\u\ﬁt[? - 2

i — 7 4 usin bun rz:ii 21 28
NATLE ' -) ] ( )

This (expression is evalauted, inanalogywiththe expression forthe peniodic Green's func-

tion, by expanding Q in powers of atosix |.), ordder.
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Fignre Captions

Figure 1: Figure la shows the pereert of the surface ilhiminated as a function of the
low-freque ney cut-off. Figure Ib shows trie 1 slope solid line) and 1ins curvature (dashed
line) as a function of the low-frequency ¢t off The spectral decay power 1S -3 and tile rins
height is oy = A.

Figure 2: Fil”st-order perturbationcoctiiciens for 1ins height oy, A, 45% incidence angle
and a - 102.4X (crosses), A = Hl.20{duonorads),and A== 20.6A (triangles). The magni-
tude of the coeflicient as a function of wavenumber is shown in Figure 2a (V-polarization)
and 2b (H-polarization). The phasc of the first-rder coeflicient is shown in Figure 2¢ (V-
polarization) and 2 d (H-polarization). "1 he UM fust-order coefficient is shown as a solid
line.

Figure 3: Asin Figure 2, but forrmsheight o, == 0.1 X897 jncidence angle.

Figure 4: As inFigure 3, bul forrins heightey =z A,

Figure 5: V-polarization first orda scati o1 imy coeflicients for o = A,and incidence angles
of 60° (a), 70° (@), 80° (&), and 85" (8). 'I'he s n face conventious ave as in Figure 2.
Figure 6: H-polarized (triangles) andV-polarized (crosses) first order (a,c) and higher
order (b,d) source function maguitude foran i ncidence angle of 60° and an rms height of
op=A. A = 1024X for Figures 6(a)andibiA 256X for Figwes 6{¢)and (d).

Figure 7: As in Figure 6, but foranincidenceangle of 89°.

Figure 8: H-polarization (triangles) and V- polarization (crosses) source function magni-
tude for an incidence angle of 89° andanJdmsheight of ¢y, == A, for a surface whose spectrum
has been truncated at A. A = 102.4X for) igures 8(a). A = :25.6 for Figures 8(b).

Figure 9. Polarimetric parameters for tho fi 1st-ondersource function for an incidence angle
of 60° aud an rms height of gj = A Vheswface conventions are as in Figure 2.

Figure 10: Polarimetric paramet ers forthehisher-ordersource function for an incidence
angle of 60° and anrms height of ox: A ‘1 herurface conventions are asin Figure 2.
Figure 11: Polarimetric parameters forthe first-order source function for an incidence

angle of 89° and anrms height of o, ). The sutface conventions are as in Figure 2.
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Figure 12: Polarimetric parameters for the higher-order source function for an incidence

angle of 89° and an rms height of o), = % The surface conventions are as in Figure 2.
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